Based on the mathematics of noncommutative geometry, we model a 'classical' Dirac fermion propagating in a curved spacetime. We demonstrate that the inherent causal structure of the model encodes the possibility of Zitterbewegung -the 'trembling motion' of the fermion. We recover the well-known frequency of Zitterbewegung as the highest possible speed of change in the fermion's 'internal space'. Furthermore, we show that the latter does not change in the presence of an external electromagnetic field and derive its explicit analogue when the mass parameter is promoted to a Higgs-like field. We discuss a table-top experiment in the domain of quantum simulation to test the predictions of the model and outline the consequences of our model for quantum gauge theories.
Building upon Connes' ideas [11] we model a single massive Dirac fermion with the help of an almost commutative spacetime. The latter turns out to provide a geometric description of one of the peculiarities of the Dirac theory -the Zitterbewegung [12] . We show that the causal structure of the almost commutative spacetime at hand puts an explicit bound on the frequency of the 'trembling motion' of a single Dirac fermion propagating in a possibly curved spacetime and interacting with the electromagnetic and a Higgs-like scalar field. Next, we explain how the concept of quantum simulation [13] can be promoted to emulate almost commutative spacetimes, thus opening the door to a direct experimental test of Connes' theory.
ZITTERBEWEGUNG
The Dirac equation,
reveals a number of striking facts about the nature of massive fermions. One of them concerns the velocity operator in the Heisenberg picture,v k (t) := ∂x k (t) ∂t , which turns out to have eigenvalues ±c for all moments of time [14] . This suggests that the instantaneous velocity of a massive fermion is always ±c, which seems paradoxical. A more detailed analysis unveils that both the velocity and the position operators in the Heisenberg picture have a part that oscillates in time, hence the name Zitterbewegung -'the trembling motion'
-coined by Schrödinger [12] .
For an initial state with vanishing average momentum, the expectation value of the position operator oscillates with the period [12, 15, 16] T ZB = π /(mc 2 ).
The original explanation of the mechanism behind Zitterbewegung given by Schrödinger [12] , and refined by several authors [14, 16, 17] , relates it to the interference between the positive and negative energy parts of the Dirac wave packet. Indeed, if the initial state ψ is a purely positive (or negative) energy state then the expectation value ψ,x k (t)ψ does not exhibit oscillations [12, 14] .
The tangibility of Zitterbewegung for actual fermions being par force positive-energetic excitations of a quantum field is generally questioned [18] (see however [19] ). On the other hand, the realness of this effect has been confirmed in various Dirac-like systems [15, 20, 21] and was found responsible for the appearance of a minimal conductivity and a sub-Poissonian shot noise in graphene [22, 23] .
There exists an alternative viewpoint on Zitterbewegung (known also under the name of 'chiral oscillations' [24, 25] ) relating it to the spin components of the fermionic wave function [26] [27] [28] [29] [30] . Any Dirac spinor can be uniquely decomposed as a sum of two Weyl spinors ψ = ψ + + ψ − , where ψ ± = P ± ψ, with P ± = (1 ± γ 5 )/2 [30] . The Weyl spinors ψ ± , being eigenstates of the chirality operator γ 5 with γ 5 ψ ± = ±ψ ± , have opposite chirality. By acting with the projector P ± on Equation (1) we obtain
which can be seen as two coupled equations for Weyl spinors ψ ± , one acting as a source of the other [30] . Since Weyl spinors are massless, they move with the speed of light and one obtains a 'zigzag picture' of a massive fermion [29, Figure 25 .1]. In the fermion's rest frame, the period of oscillations between the two eigenstates of chirality precisely equals (2) [28] .
The two points of view on Zitterbewegung are closely related in the Dirac wave packet formalism [25] . In particular, purely positive/negative energy solutions to the Dirac equation also do not exhibit chiral oscillations [24] .
Hestenes contended [26] [27] [28] that the 'chiral' interpretation of Zitterbewegung is more natural, as the origin of the effect resides in the geometry of spacetime. In the present
Letter we support this claim, although we argue that the very notion of geometry needs to be refined.
NONCOMMUTATIVE GEOMETRY
The basic objects of noncommutative geometryà la Connes [3] are spectral triples (A, H, D) consisting of a (dense subalgebra of a) C * -algebra A, a Hilbert space H with a faithful representation of A and an unbounded self-adjoint operator D acting on H. The original framework was designed to describe spaces of Euclidean signature and has recently been extended to encompass the Lorentzian ones [31] [32] [33] [34] [35] [36] . In the latter case, the main conceptual change consists in endowed the Hilbert space H with an indefinite inner product, turning it into a Krein space K [37] -a vector space equipped with an indefinite non-degenerate inner product -and in requiring D to be self-adjoint with respect to the indefinite inner product.
Example 1. Let M be a globally hyperbolic spacetime with a spin structure, then Even-dimensional spacetimes induce an additional structure on the associated spectral triple -a chirality operator γ M = γ 5 , splitting the space
The most important examples of spectral triples from the viewpoint of physical applications are the almost commutative geometries [8, 38] : . Secondly, C * -algebras provide a unified framework for an operational formulation of both classical and quantum physics [39] [40] [41] . In this context, states on an abstract C * -algebra of observables can be understood as the actual states of a given physical system.
, then pure states in P (A F ) are precisely the n-qubits, whereas the mixed states S(A F ) correspond to the density matrices [41] .
In [5] we have shown that such a 'noncommutative spacetime' admits a sensible notion of a causal structure associated with a Lorentzian spectral triple. To this end, one has to identify a specific subset C of the algebra A named the 'causal cone'. Concretely, C is the cone of all
Hermitian elements a of a preferred unitisation
with the additional condition span C (C) = A (see [5, 38, 42] for the details).
Definition 3. Let (A, K, D) be a Lorentzian spectral triple and let C be the causal cone. We say that two states ω, η ∈ S(A) are causally related with ω η iff ∀ a ∈ C ω(a) ≤ η(a). It justifies calling the space P (A) equipped with the partial order a 'noncommutative spacetime'. Note also that Definition 3 determines a causal order on the significantly larger space S(A) of mixed states. We shall exploit this fact when discussing the experimental setup.
The space of pure states of an almost commutative geometry has a particularly pellucid physical interpretation: Let A = A M ⊗ A F as in Example 2, then P (A) ≃ M × F for some finite dimensional space F . In other words, all pure states on A are separable [43] . Hence, the space of pure states of an almost commutative spacetime is the Cartesian product of the spacetime M and an 'inner' space of states of the model. Almost commutative spacetimes have a desired property [42] :
This result attests that in almost commutative spacetimes, Einstein's causality in the spacetime component is not violated. On the other hand, in [38] and [44] we discovered that the extended causal structure imposes highly non-trivial restrictions on the evolution also in the 'inner' space of the model. We shall now apply the mathematical results obtained in [44] to lift the veil on the nature of Zitterbewegung.
MODELLING A 'CLASSICAL' DIRAC FERMION
Let M be a globally hyperbolic spacetime of dimension 2 or 4. We associate to it a Lorentzian spectral triple (A M , K M , D / ) in a canonical way (see Example 1). As a finite spectral triple we take A F = C ⊕ C, H F = C 2 and D F = 0 µ µ 0 , for some µ ∈ C \ {0}. The product triple thus reads:
(see [44] for the details).
Noncommutative geometries are equipped with a natural fermionic action defined as -48] . If the finite spectral triple is even, which is the case here, one encounters a 'fermion doubling problem' [49] . A consistent prescription to avoid the overcounting of fermionic degrees of freedom has been worked out in [47] and consists in projecting the elements of K onto the physical subspace K ′ . We have K ′ = P + K, with
. A vector in K ′ can thus be written as
with ψ ± denoting the chirality eigenstates. The fermionic action of the model therefore reads
with the choice µ = im ∈ iR + . This is indeed the action describing a single Dirac fermion of mass m propagating in a curved spacetime M.
M × {−, +} and the 'inner' space of the model consists of just two points. We stress that, despite the commutativity of the algebra A, the resulting geometry is noncommutative because of the off-diagonal operator D F . Since the two pure states of A F are precisely the vector states associated with
, it is justified -on the strength of formula (4) Restoring the physical dimensions in the model (which is unambiguous as D / has the dimension L −1 , thus D F must have so), we arrive at:
The number on the RHS of (6) The advantage of the presented model is its general covariance, which guarantees that Theorem 6 applies in any globally hyperbolic spacetime M. But the framework of noncommutative geometry is even more flexible and allows one to accommodate, via the 'fluctuations' of the Dirac operator, other fields interacting with the fermion [8] .
Let A and K be as previously in this section and let
is still a Lorentzian spectral triple [44] . The fermionic action (5) now reads
We thus see that A µ is a vector field on M -for instance the electromagnetic oneminimally coupled to the fermion, whereas (−iΦ) is a complex scalar field interacting via a Yukawa coupling [8] .
The 
An immediate consequence of Theorem 7 is that there is no impact of the vector field on the causal relations in the almost commutative spacetime at hand. In particular, it implies that the upper bound on Zitterbewegung frequency is not altered by the presence of an electromagnetic field. On the other hand, the scalar field Φ affects causality in a more complicated way -the LHS of inequality (8) can be seen as a weighted proper time.
Indeed, if Φ is constant and equal to µ, formula (8) reduces to (6). Such a field Φ could for example be related to the variation of the mass of a point-like particle in the Einstein frame of a tensor-scalar theory. It is also amusing to observe that the impact of Φ on the causal structure is equivalent to a conformal rescaling of the metric on M by |Φ| −1 . We note that the connection of the Higgs field with conformal transformations of the space(-time) in the context of noncommutative geometry was discussed in [8] , but at the level of the action.
For an actual, quantum, fermion neither the concept of localisation nor that of the proper time are well defined [51] , hence formulae (6,8) cannot be applied directly. Nevertheless, one can elicit some phenomenological consequences from the presented model by exploiting the fact that the causal order extends to the full space S(A).
SIMULATING ALMOST COMMUTATIVE SPACETIMES
In an (analogue) quantum simulation some aspects of the dynamics of a complicated quantum system are mimicked in a simpler one, which is under control [13] . Given an [52] . Concretely, any state of the simulator system ϕ(t) ∈ H sim at time instant t in the laboratory frame defines a state on the algebra of the emulated almost commutative spectral triple ρ ϕ(t) ∈ S(A),
Σ t is the t-slice, endowed with a measure S t , determined by the chosen laboratory frame and x refers to the continuous degrees of freedom of the simulator system, corresponding to the space variable on Σ t ⊆ M.
We claim that, within the domain of applicability of the simulation, the intrinsic geometry of the almost commutative spacetime should manifest itself in the simulator system. In particular, we expect the evolution of states to be causal in the sense of Definition 3, i.e.
for s ≤ t and any initial state ϕ(0) ∈ H sim . The details on the application of the abstract Definition 3 in the wave packet formalism are explained in [53] .
The quantum simulation of a single free Dirac fermion in a flat 2-dimensional spacetime has been successfully accomplished with cold atoms [15] , trapped ions [20] and photonic systems [21] . Furthermore, a suitable experimental setup has been proposed using superconductors [54] , semiconductors [55, 56] and graphene [57] . In the trapped-ion setting [20, 58] , the mass of the simulated fermion can be introduced dynamically, what enables a simulation of a Dirac fermion coupled to a (real) scalar field. Moreover, a possibility of studying the impact of an external electromagnetic field on Zitterbewegung using the framework of [20] was suggested in [59].
In the presented almost commutative model, the general formula (9) is less explicit then the ones derived for the pure states (6,8). It reflects the fact that Zitterbewegung in the wave packet formalism is not a single-frequency oscillation [16] . Nevertheless, given concrete initial and final states of a simulator system one can unravel the consequences of formula (9) drawing from the fact that the causal cone is completely characterised in [44] and suitable computational tools to handle mixed states were devised in [60] . One immediate upshot is that the causal relation (9) does not depend on the electromagnetic field (cf. Theorem 7).
Note also that the lack of Zitterbewegung for purely positive-energy states is consistent with (9) . This follows directly from Theorem 5, the proof of which [42] can be directly extended to encompass the mixed states.
OUTLOOK
We have shown that the possibility of Zitterbewegung is encoded in the geometry of an almost commutative spacetime of a 'classical' massive fermion. The presence of the electromagnetic and a Higgs-like field affects the geometry, with the latter modifying the bound on the frequency of the fermion's quivering. We argued that the consequences of this model can be tested in a suitable quantum simulation.
For a free electron the period of Zitterbewegung (2) is of the order of 10 −20 s, which is well beyond the currently available experimental time resolution. Moreover, to model a genuine electron one would need to employ the quantum field theoretic description, which seems to exclude Zitterbewegung [18] , at least in flat spacetimes [19] . The scheme presented in this Letter suggests, however, that the very foundations of quantum gauge theories might need to be refined. The principle of micro-causality -requiring the observables in space-like separated regions to commute -is at the core of all axiomatic approaches to quantum field theory [39, 61] . If the fields have additional degrees of freedom then their background geometry is that of an almost commutative spacetime. Consequently, when constructing a quantum theory of fields, one should take into account its inherent causal structure.
The concept of causality in the space of states is at the core of the presented model.
When applied to other almost commutative spacetimes (see [38] for another gauge model), it might cast a new light on such perplexing phenomena as neutrino or quark mixing, which also involve a 'motion' in the fermion's internal space. Finally, one can reach beyond the almost commutative setting and study the causal structure of genuinely noncommutative spacetimes [62] . This perspective suggests that, contrary to the common belief [63, 64] , causal structure need not breakdown at the Planck scale, but the very notion of spacetime geometry needs to be refined.
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